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Abstract:
A set
is said to be dominating set of G if for every
there exists a vertex
such that
. The minimum
cardinality of vertices among dominating set of G is called the
domination number of G denoted by
.
We investigate the domination number of Tadpole graph, Book graph and
Stacked Book graph. Also we test our theoretical results in computer by
introducing a matlab procedure to find the domination number
,
dominating set S and draw this graph that illustrates the vertices of
domination this graphs. It is proved that:

.
Keywords: Dominating set, Domination number, Tadpole graph, Book graph,
stacked graph.

Domination number(إﯾﺟﺎد واﺧﺗﺑﺎر اﻟﻌدد اﻟﻣﮭﯾﻣن)اﻟﻣﺳﯾطر
(Book graph)  ﺑﯾﺎن ﺑوك،(Tadpole graph) ﻟﻠﺑﯾﺎﻧﺎت ﺗﺎدﺑول
( ﺑﺎﺳﺗﻌﻣﺎلStacked Book graph) وﺑﯾﺎن ﺳﺗﺎﻛﯾت ﺑوك
اﻟﻣﺎﺗﻼب
ﻋﻣر اﺣﻣد ﺧﻠﯾل

أﯾﮭﺎن اﺣﻣد ﺧﻠﯾل

 ھﯾﺋﺔ اﻟﺗﻌﻠﯾم اﻟﺗﻘﻧﻲ-ﻣوﺻل-اﻟﻛﻠﯾﺔ اﻟﺗﻘﻧﯾﺔ

: ﻣﻠﺧص اﻟﺑﺣث
 ﺑﺄﻧﻬﺎ ﻣﺟﻣوﻋﺔ ﻣﻬﯾﻣﻧﺔG  ﻓﻲ ﺑﯾﺎنV  ﻣن ﻣﺟﻣوﻋﺔ اﻟرؤوسS ﯾﻘﺎل ﻷﯾﺔ ﻣﺟﻣوﻋﺔ ﺟزﺋﯾﺔ

 ﺿﻣنuv  ﺑﺣﯾثS ﻓﻲu  ﯾوﺟد رأسV-S  ﻓﻲ اﻟﻣﺟﻣوﻋﺔv  إذا ﻛﺎن ﻟﻛل رأسDominating set
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 ﺑﺄﻧﻪ أﺻﻐر ﻣﺟﻣوﻋﺔ أﺳﺎﺳﯾﺔDomination number  وﯾﻌرف اﻟﻌدد اﻟﻣﻬﯾﻣن.،ﺣﺎﻓﺎت اﻟﺑﯾﺎن

.Domination ﻣﻬﯾﻣﻧﺔ

 ﻟﺑﯾﺎن ﺗﺎدﺑولDomination number ﻓﻲ ﻫذا اﻟﺑﺣث ﺳوف ﻧدرس اﻟﻌدد اﻟﻣﻬﯾﻣن

Stacked Book ) ( وﺑﯾﺎن ﺳﺗﺎﻛﯾت ﺑوكBook graph)  ﺑﯾﺎن ﺑوك، (Tadpole graph)
 ﻛذﻟك ﺗﺄﻛدﻧﺎ ﻣن اﻟﻧﺗﺎﺋﺞ اﻟﻧظرﯾﺔ اﻟﺗﻲ ﺗوﺻﻠﻧﺎ إﻟﯾﻬﺎ ﺑواﺳطﺔ اﻟﺣﺎﺳﺑﺔ ﺑﺎﺳﺗﻌﻣﺎل اﻟﻣﺎﺗﻼب.(graph
 ورﺳﻣﻧﺎ اﻟﺑﯾﺎﻧﺎت اﻟﺗﻲ ﺗوﺿﺢS واﻟﻣﺟﻣوﻋﺔ اﻟﻣﻬﯾﻣﻧﺔ

( ﻟﺣﺳﺎب اﻟﻌدد اﻟﻣﻬﯾﻣنmatlab)

: ﺣﯾث ﺗوﺻﻠﻧﺎ إﻟﻰ اﻟﻧﺗﺎﺋﺞ اﻟﺗﺎﻟﯾﺔ،اﻟرؤوس اﻟﻣﻬﯾﻣﻧﺔ

.

Introduction
Throughout this paper graphs, considered here are finite and simple
graph. And [2], [5], [6] are followed for terminology and notation.
Let G=(V, E) be a simple graph, where V and E denoted respectively, the
set of vertices and edges in G. A subset of V(G) is said to be dominating
a set of G if for every
there exists a vertex
such that
The minimum cardinality of vertices among dominating set
of G is called the domination number of G, denoted by
,(see [4]).
For any vertex
the open neighborhood of v is the set:
.
and the closed neighborhood
.
For a set

the open neighborhood is

and the

closed neighborhood is
. A set
is dominating set
if
,
(see [1]).
Equivalently we defined the domination number of a graph G,
to be
the order of smallest dominating set of G. A dominating set S with
is called a minimum dominating set [12].
The earliest ideas of dominating sets it would seen, data back to the origin
of the game chess in India over 400 years ago, in which one studies sets
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of chess pieces which cover or dominate various opposing pieces or
various squares of the chess board [6].
Many applications of domination theory in wireless communication
networks [7]. Also dominating sets play an important role in much
practical application, for example in the context of distributed computing
or mobile ad-hoc networks [3].
Definition(1): The (m,n)-Tadpole graph, also called dragon graph
denoted by
is the graph obtained by joining a cycle graph
to a
path graph with a bridge.
The (m,1)-Tadpole graph is sometimes known as the m-Pan graph. The
particular cases of the (3,1)-and (4,1)-Tadpole graphs are known as the
Paw graph and Banner graph, respectively [9].

Fig.1: Tadpole graph
Definition (2): The Book graph denoted by
is defined as the
Cartesian product
where
is a star graph and
is the
path graph on two vertices [10].
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Fig.2: Book graph
Definition (3): The Stacked Book graph denoted by
is defined as
the Cartesian product
where
is the path graph on n
vertices [11].

Fig.3: Stacked Book graph
Also we need the following theorem in our work:
Theorem (1): ([8], p.546)
A dominating set D of a graph G is minimal if and only if for each vertex
one of the following conditions satisfied
(i) There exist a vertex
such that
(ii)v is an isolated vertex in D .

Note: As usual we use
than x.

for the smallest integer not greater
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On domination numbers of Tadpole graph

:

In this section we first give the results of the special cases of
Tadpole graph
as Paw graph
, Banner graph
and Pan graph
then, we generalize the results for any (m) and (n) except the case of
Tadpole graph
.
Proposition (1): the domination number of Paw graph
is 1
(i.e.
).
Proof: Let the vertices of this graph indicated as:
. (See Fig.4)
v2
v1

v4

v3
Fig.4
We gave the dominating set of this graph by
.
The minimality of the set S is very easy since S consist of one vertex that
we cannot find a proper subset of S (as theorem (1)).
So S is minimum
.
Proposition (2): the domination number of Banner graph
is 2
(i.e.
).
Proof: Let the vertices of this graph indicated as:
. (See Fig.5)
v2
v1

v3

v4
Fig.5
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We first give the dominating set of this graph by a set S where:
We prove the minimality of the set S by using the contradiction of
theorem (1). So we suppose S not minimal dominating set that is there
exist a vertex
,such that
is dominating set of
.
Now clearly that v either equal
or
So if
we have
from fig.5 clearly there is
two vertices
that adjacent to
not dominating with any vertex
in
So clearly that
is not dominating set (by the definition of dominating
set).
Similarly, when
we have the vertex
that adjacent to
not dominating with any vertex in .
So
is not dominating set
Hence is minimum
So
.
Proposition (3): the domination number
is 2
(i.e.
).
Proof: is similarly in Proposition (2).
In proposition (1) and proposition (2) we proof the cases when m=3 and
m=4 as special case, now we generalize for all
.
Theorem (2): For
the domination number of Pan graph
is

(i.e.

).

Proof: Let the vertices of this graph indicated as:
. (See Fig.6)
v3

v2
v1

v4

vm+1
v5

vm

Fig. 6: Pan graph Tm,1
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First we give the dominating set of this graph by a set S where:
The minimality of the set S follows from theorem (1) by using the
contrary of this theorem.
Assume that S is not minimum dominating set then
,such that
is dominating set of
.
Therefore
.
For any
the proof divided into two cases:
Case(1): If
we have always the vertex that represented to the end
point of the form
that adjacent to
not dominating with any
vertex in (i.e.
).
So clearly that is not dominating set.
Case(2): If any vertex such that
that mean
always minimum one vertex of the form
any vertex in (i.e.
).
So
is not dominating set.
Hence is minimum
So

; also we have
not dominating with

.

In the next theorem we except the case that we discuss it in proposition
(3) for
and
(i.e.
).
Theorem (3): For
,
and (for
and
) the
domination number of Tadpole graph
is:
(i.e.

).

Proof: We indicate the vertices of this graph as two sets the first refer to
the vertices of the cycle graph
as
and the second
to the vertices of path graph as
So the vertices of this graph indicated as:
. (See Fig.7)
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v3

v2
v1

v4

u1

u2

u3
un

v5

vm

Fig.7: Tadpole graph Tm,n
we given the dominating set of this graph by a set S:
, where
has two cases dependent upon n: If n any number within the sequence
We have
Otherwise
The minimality of the set S also follows from theorem (1) similarly in
theorem (2).
For any
that is either in or in so the proof divided into two
cases:
Case (1): If
(that
is any vertex in
)
the proof of this case is the same in theorem(2)
So clearly that
is not dominating set (by the definition of dominating
set) (i.e.
).
Case (2):
(that
is any vertex in )
We have always minimum one vertex of the form
not dominating
with any vertex in
So
is not dominating set.
So chosen S in this way ensures that there is no proper subset of S
dominating
minimum
.
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On domination numbers of Book graph
Stacked Book
graph:

and

Lemma (1): For
, the domination number of Book graph
is 2
(i.e.
).
Proof: Book graph
is the Cartesian product
consist always of two
-stars union (m+1) path P2 having 2(m+1)
vertices so let the vertices of this graph indicated as:
.Note that
and
refer to the center of these two stars
(See Fig.8).

Fig.8
We have given the dominating set of this graph as follows:
It is very easy to proof the minimality of this set.
Suppose S is not minimum this implies that there is a proper sub set
dominating
.
If
that is either
or
If
, let
we have all the vertices that adjacent to v
not dominating with the vertex
So
is not dominating set.
Similarly, for
So chosen S in this way ensures that there is no proper subset of S
dominating
minimum
.
Theorem (4): the domination number of Stacked Book graph
is n
(i.e.

).
Proof: For
and
the proof is similar to that given in
Lemma (1) by taking the dominating set of this graph the centers of all
stars
.
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Determination and testing the domination numbers
of Tadpole graph
Stacked Book

, Book graph

and

graph using matlab:

In this section we write programs in matlab for the purpose of making
sure and certainty of the validity of our theoretical results to compute the
dominating sets S and the domination number of Tadpole graph, Book
graph and Stacked Book graphs. Moreover draw these results in the same
graph by referring to the vertices that domination this graphs with
different color from the other vertices.
We compute examples for special cases of Tadpole graph, Book graph
and Stacked Book graphs by generalizing the results for any (n) and (m)
where in every execution of this programs request an input n or m for this
graphs.

For the domination numbers of Tadpole graph

:

By the program below we demonstrate how to find the domination
number of Tadpole graph
using matlab:
m=input('m=');
n=input('n=');
a=diag(ones(m-1,1),1);
b=diag(ones(m-1,1),-1);
v=a+b;
v(m,1)=1;
v(1,m)=1;
f=zeros(m,n);
f(1,1)=1;
l=diag(ones(n-1,1),1);
j=diag(ones(n-1,1),-1);
w=l+j;
d=[[v] [f];[f]' [w]];
g=graph
set_matrix(g,d)
distxy(g)
[d,s]=dom(g)
distxy(g)
disp(['the domination number is=',int2str(d)])
distxy(g)
nots=setdiff(1:nv(g),s);
p=partition({s,nots});
distxy(g)
clf;distxy(g)
cdraw(g,p,'-','crgb')
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Fig.(9) explain the particular results of the domination number of Tadpole
graph by using matlab we obtain the same theoretical results.

Fig.(9)
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For the domination numbers of Book graph
Stacked Book
:

and

By using matlab the program below demonstrate how to find the
domination numbers of Stacked Book graph
and by input n=2 for
any m we obtain the the domination numbers of Book graph
:
m=input('m=');
n=input('n=');
a=diag(ones(m-1,1),1);
b=diag(ones(m-1,1),-1);
v=a+b;
f=ones(1,m);
c=[0 [f];[f]' [v]];
g=graph
set_matrix(g,c)
h=graph
path(h,n)
k=graph
cartesian(k,g,h)
distxy(k)
[d,s]=dom(k)
disp(['the domination number is=',int2str(d)])
nots=setdiff(1:nv(k),s);
p=partition({s,nots});
distxy(k)
clf;cdraw(k,p,'-','rcrgb')
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Fig.(10) explain the particular results of the domination number of
Book graph
then Stacked Book graph
same theoretical result.

Fig.(10)

503

which is the

Ayhan A. & Omar A.

Reference:
[1] Alithani, S. Peng,Y. H. and Atan , K. A. M. 2008. "On the
domination number of some graphs ", Int. Math. Forum, Vol. 3,
No. 37-40, pp.1879-1884.
[2] Chartrand, G. and Lesniak, L. "Graphs and Digraphs", third
addition , Chapman and Hall,(1996), chapter 10.
[3] Cooper,C. Klasing, R. and Zito, M. 2005." Lower Bounds and
Algorithms for Dominating Sets in Web Graphs" ,Internet
Math. Vol. 2, No. 3, pp.275-300.
[4] Erfang, S. , Liang, S. and Liying, K. 1998. "Some results on
domination number of products of graphs", Applied
Mathematics, Vol. 13, pp.103-108.
[5] Haynes, T. W. ; Hedetniemi, S. T. and Slater, P.J. 1998. "
Fundamentals of
Domination" in Graphs. Marcel Dekker, New York-Basel-Hong
Kong.
[6] Hedetniemi, S.T. and Laskar, R.C.1991. "Topics on
domination",North Holland
February 15.
[7] Hurink, J. L. and Nieberg, T. 2008. "Approximating minimum
independent dominating sets in wireless networks ", Information
processing letters, Vol. 109, pp.155-160
[8] Kulli, V. R. and Janakiram, B. 2000. "The Nonsplit Domination
Number of A Graph", Indian J. Pure Appl. Math. Vol. 31, No. 5,
pp. 545-550
[9] Weisstein, E. W. 1999. "Tadpole Graph" From MathWorld-A
Wolfram Wolfram Research, Inc., Available at:
http://www.mathworld.wolfram.com/TadpoleGraph.html.
[10]Weisstein, E. W. 1999. "Book Graph" From MathWorld-A
Wolfram Wolfram Research, Inc., Available at:
http://mathworld.wolfram.com/BookGraph.html.
[11]Weisstein, E. W. 1999. "Stacked Book Graph" From MathWorld-A
Wolfram Wolfram Research, Inc., Available at:
http://www.mathworld.wolfram.com/Stacked BookGraph.html.
[12] Zmazek , B. and Žerovnik , J. 2005. "On domination numbers of
graph bundles", Institute of mathematics, physics &mechanics,
Preprint series, Vol. 43, pp.1-10.

504

